The Nonlinear Schrodinger Equation on the Interval 




Abstract 



Let q{x, t) satisfy the Dirichlet initial-boundary value problem for the nonlinear 
Schrodinger equation on the finite interval, < x < L, with qo{x) = q{x,0), go{t) = 
q{0,t), fo{t) = q{L,t). Let gi{t) and fi{t) denote the itn/cnown boundary values qx{0,t) 
and qx{L, t), respectively. We first show that these unknown functions can be expressed 
in terms of the given initial and boundary conditions through the solution of a system 
of nonlinear ODEs. Although the question of the global existence of solution of this 
system remains open, it appears that this is the first time in the literature that such a 
characterization is explicitely described for a nonlinear evolution PDE defined on the 
interval; this result is the extension of the analogous result of [4] and [6] from the half- 
line to the interval. We then show that q{x, t) can be expressed in terms of the solution 
of a 2 X 2 matrix Riemann-Hilbert problem formulated in the complex k - plane. This 
problem has explicit (x, t) dependence in the form exp[2ifcx + Aik'^t], and it has jumps 
across the real and imaginary axes. The relevant jump matrices are explicitely given in 
terms of the spectral data {a(A;), 6(A:)}, {A{k),B{k)}, and {A{k)^B{k)}^ which in turn 
are defined in terms of qQ{x), {gQ{t) , gi{t)} , and {fo{t), fiit)}, respectively. 

1 Introduction 

We analyse the Dirichlet initial-boundary value problem for the nonlinear Schrodinger (NLS) 
equation on a finite interval: 



iqt + Qxx - 2A|g|^g = 0, 



A = ±1, < a; < L, 



< t < T, 



g(x,0) 



go (a;), < a; < L, 
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q{0,t)^go{t), q{L,t)^fo{t), 0<t<T, (1.1) 

where L,T are positive constants, and Qq, go, fo, are smooth functions compatible at x — 
i = and at X = L, t = 0, i.e. go(0) = 5o(0), qo{L) - /o(0). 

Our analysis is based on the extension of the results of [4] and [6] from the half-line to 
the interval. 

The analysis involves three steps. 

Step 1: A RH formulation under the eissumption of existence. 

We assume that there exists a smooth solution q{x,t). 

We use the simultaneous spectral analysis of the associated Lax pair of the NLS to 
express q{x, t) in terms of the solution of a 2 x 2-matrix Riemann-Hilbert (RH) problem 
defined in the complex /c-plane. This problem has explicit {x, t) dependence in the form of 
exp{2i{kx + 2kH)}, and it is uniquely defined in terms of the so-called spectral functions, 

{a{k),b{k)}, {A{k),B{k)}, {A{k),B{k)}. (1.2) 

These functions are defined in terms of 

qo{x), {go{t),gi{t)}, {fo{t),h{t)}, (1.3) 

respectively, where gi{t) and fi{t) denote the unknown houndaij values qx{0,t) and qx{L,t). 

We show that the spectral functions (1.2) are not independent but they satisfy the global 
relation 

{aA + Xbe^'^^B) B-{bA + ae^'^^B) A = e^'^'^c+(A;), k e C, (1.4) 
where c+(A;) is an entire function which is of 0{l/k) as A; — > oo, Imk > 0; in fact, 

c+{k)=0i^—^ j, k^oo. 

Step 2: Existence under the assumption that the spectral functions satisfy the 
global relation. 

Motivated from the results of Step 1, we define the spectral functions (1.2) in terms of 
the smooth functions (1.3). We also define q{x, t) in terms of the solution of the RH problem 
formulated in Step 1. We assume that there exist smooth functions gi{t) and fi{t) such that 
the spectral functions (1.2) satisfy the global relation (1.4). We then prove that: (i) q{x,t) 
is defined globally for all < x < L, < i < T. (ii) q{x, t) solves the NLS equation, (iii) 
q{x, t) satisfies the given initial and boundary conditions, i.e., q{x, 0) = qoix), q{0, t) — gQ{t), 
q{L,t) — fo{t). A byproduct of this proof is that qx{0,t) — gi{t) and qx{L,t) — fi{t). 

Step 3: The analysis of the global relation. 

Given qo, go, /o, we show that the global relation (1.4) characterizes gi and /i through 
the solution of a system of nonlinear Volterra integral equations. The rigorous investigation 
of these equations remains open. 

We now discuss further the above three steps. 
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The analysis of Step 1 is based on the introduction of appropriate eigenf unctions which 
satisfy both parts of the Lax pair. It was shown in jTj that for hnear PDEs defined in a polyg- 
onal domain with N corners, there exists a canonical way of choosing such eigenfunctions: 
There exist N such eigenfunctions each of them normalized with respect to each corner. 
Motivated by this result we introduce four eigenfunctions, {iij{x,t,k)}\, see Fig. [H such 
that 



/ii(0,T,fc) = /, /i2(0,0,A;) =/, /i3(L,0,A;) =/, fi^{L,T,k) = I, 
where are 2x2 matrices and / = diag(l, 1). It can be shown that these 



:i.5) 




Fig. 1.1 

eigenfunctions are simply related through the three matrices s, S, Si, 



sik) = fX3{0,0,k),Sik) 



0-3 



/i2(0,r, k)e' 



Siik) 



^H3{L,T, k)e 



(1.6) 

where =diag(l, —1). These matrices satisfy certain symmetry properties, thus they can 
be represented by 



s{k) 



a{k) b{k) 



Sik) 



A{k) B{k) 



SL{k) 



A{k) B{k) 



Xb{k) a{k) 



\B{k) A{k) 



XB{k) A{k) 



(1.7) 

Regarding Step 2 we note that equations (1.6), (1.7) motivate the following definitions: 
Let the vectors 



(0l(x,fc),02(x,fc))t, ($i(t,fc),$2(t,fc))t, {if,{t,k),<f2{t,k)) 



:i.8a) 



solve the x-part of the Lax pair evaluated at t = 0, the t-part of the Lax pair evaluated at 
X = 0, and the t-part of the Lax pair evaluated at x = L, respectively, and let these vectors 
satisfy the boundary conditions 

(0i(L, k), ML, k)y = (0, l)t, ($i(0, k), $2(0, k)y = (0, l)t, (<^i(0, k), ^0, k)y = (O, l)t. 

(1.86) 

Define the spectral functions (1.2) by 



aik)=MO,k), bik) = MO,k), 
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A{k) = A{T,k), B{k) = B{T,k), A{k)=A{T,k), B{k)=B{T,k), 

where 

A{t, k) = $2(t, k), B{t, k) = -e^'^'*<l>i(t, k), (1.9) 

A{t, k) = ^2{t,k), B{t, k) = -e^^'^'Vili, k). 
We note that the functions (1.2) depend on the functions (1.3). 

The global existence of q{x,t) is based on the unique solvability of the associated RH 
problem, which in turn is based on the distinctive nature of the functions defining the jump 
matrices: these functions have explicit {x, t) dependence in an exponential form and they in- 
volve the spectral functions s{k), S{k), 5'i,(fc), which have the symmetry properties expressed 
in equations (1.7). Using these facts it can be shown that the associated homogeneous RH 
problem has only the trivial solution (i.e. there exists a vanishing lemma). The proof that 
q{x, t) solves the given nonlinear PDE uses the standard arguments of the dressing method 
The proof that q{0,t) = qo{x), is based on the fact that the RH problem satisfied at 
t = is equivalent to a RH problem defined in terms of s{k) which characterizes qo{x). The 
proofs that {dl.q{0,t) = giit)}^ and that {9^g(L, t) = fi(t)}l, make crucial use of the global 
relation (1.4). Indeed, it can be shown that the RH problems at x = and at x = L, 
are equivalent to RH problems involving only S{k) and Silk) (which in turn characterize 
{gi(t)}l^Q and {/«(^)}Lo' if ^^^y spectral functions satisfy the global relation. Thus 
this relation is not only a necessary but it is also a sufficient condition for existence. Hence 
given {qo,go, fo}, the main problem becomes to show that the global relation characterizes 
gi and /i. 

The analysis of Step 3 is based on the Gelfand-Levitan-Marchenko representation of the 
eigenfunctions $ = ($i, $2)^ and (f = {(fi, ■ Using these representation it can be shown 

that $ can be expressed in terms of four functions {Mj{t, s), Lj(t, s)}l, —t<s<t,t>0, 
satisfying four PDEs (see |SI) as well as the boundary conditions 

Li{t,t)='-g,{t), L2(t,-t) = 0, M,{t,t) = go{t), M2(t,-t) = 0. (1.10) 
Similarly (p can be expressed in terms of the four functions {Aij{t, s), Cj{t, s)}l satisfying 

A(t,t) = ^/i(t), C2{t,-t)=0, Mi{t,t) = fo{t), M2{t,-t) = 0. (1.11) 
Using the definitions (1.9) it can be shown that |3] 

A{t, k) = 1+ [ e^''^'^ [2l^(t, t - 2r) - iXgo{t)M^{t, t - 2r) + 2A;M2(t, t - 2r)] dr, 
Jo 

B{t, k) = - [ e^'^^^ [2Li{t, 2r - t) - igo{t)M2{t, 2t - t) + 2kMi{t, 2r - t)] dr. (1.12) 
Jo 

Similar expressions are valid for A and B , where Li, Mi, M2, go are replaced by £1, A^i, 
M.2, fo respectively. Substituting the expressions for A,B,A,B in the global relation (1.4) 
and letting k — >■ —k in the resulting equation, we obtain two relations coupling 

goJo,Li,M,,M2,Ci,Mi,M2. (1.13) 
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It is remarkable that these two relations can be explicitly solved for gi and /i in terms of 
the quantities appearing in (1.13). 

Having solved the global relation it is now more convenient to formulate the final result 
in terms of the functions 

[Lj{t,k), Mj{t,k), ljit,k), Mj{t,k)y^^^, (1.14) 

where ^ 

Lj{t,k)^ J e^'^'^'-'^Lj{t,s)ds, (1.15) 

and similarly for Mj, £j, M.j. Using these notations, the explicit formulae of gi and /i in 
terms of the quantities appearing in (1.13) can be expressed explicitly in terms of 

{^0, /o, ^, Ml, M2, A, Ml, M2}, 

see equations (4.7) and (4.8). The Gelfand-Levitan-Marchenko representations imply that 
{Lj, for i > 0, A; e C, satisfy the ODEs 

Li, + 4iA;2Li = igi{t)L2 + Xi(t)Mi + X2{t)M2 + i9i{t), 
L2, = -tXW{t)Li - Xi{t)M2 + Ax2(t)Mi, 

Ml, + Ai^Mi = 2go{t)L2 + igi{t)M2 + 2^oW ^^'"^^^ 
M2, = 2Xg^{t)Li - iXg{{t)Mi, 



as well as the initial conditions 

Lj{0,k)=Mj{0,k) = 0, J = 1,2, 
where the functions Xi(i) and X2{t) are defined by 

Xi{t) = ^{9og^-9o9i): X2(t) = -pI^oT^o- (1-17) 

satisfy similar equations with gQ,gi replaced by /o,/i- 
Substituting the expressions for gi and /i from (4.7), (4.8) in equations (1-16) and the 
analogous equations for {Cj, Mj}^^^, we obtain a system of nonlinear Volterra integral 

equations for the functions {Lj, Mj, Cj, Ji4j}^^i in terms of go and /q. The rigorous analysis 
of this system remains open. 

Organization of the Paper and Notations 

Steps 1-3 are implemented in sections 2-4. 
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In addition to the notations (1.7) the following notations will also be used 



a{k) f3{k) 

s{k)e"'^'''-'SL{k) =s{k)e"'^''^SL{k)e-"'^''^ = \ |. (1.18) 

\p{k) a{k) 

/i*-*-* denotes a function which is analytic and bounded for {k G C, arg k G L^}, where 

Li:%ll ^2:[^,vr], ^3:^^], (1.19) 

L12 : Li U L2, etc. 
We conclude the introduction with some remarks. 

2 A Riemann-Hilbert Formulation Under the Assump- 
tion of Existence 

The NLS equation admits the Lax pair J3] formulation ^3] 

/i^ + ika^^ = Qjj, 

fit + 2ik'^a3iJ, = Qn, (2.1) 
where fi{x,t, /c) is a 2 x 2 matrix valued function, 0-3 is defined by 

<T3-=[a3,-], a3 = diag(l,-l), (2.2) 

and the 2x2 matrices Q, Q are defined by 

(0 q{x,t) \ 
, Q{x,t,k) = 2kQ -iQ^a3-iX\q\^a3, A = ±1. (2.3) 
Xq{x,t), / 

The definition of (T3 implies that if A is a 2 x 2 matrix, then 

Equations (2.1) can be rewritten as 

d (^e*('^^+2fe2t)a3^^^^ _ yy^^^ ^2.5) 

where the closed 1-form W is defined by 

W = e^('=^+2^'*)^«(Q/ida; + Qfidt). (2.6) 

Throughout this section we assume that there exists a sufficiently smooth solution q{x, t), 
a; G [0, L], t G [0, T], of the NLS equation. 



A solution of equation (2.5) is given by 



/'(x,t) 

^,,{x,t,k) = I+ ' e-^('=^+2fc2*)^W(i/,r,fc), (2.7) 



where (x*,t*) is an arbitrary point in the domain x G [0,L], t G [0,T], and the integral 
denotes a line integral connecting smoothly the points indicated. Following we choose 
the point (x^,, t^,) as each of the corners of the polygonal domain. Thus we define four different 
solutions /xi, ...,/i4, corresponding to (0,T), (0,0), (L,0), {L,T), see figure 1.1 

By splitting the line integrals into integrals parallel to the t and the x axis we find 

fi2{x,t,k) = I+ [ e-''^^-y'>^'{QH2){y,t,k)dy + e-''^''' [ e-^"''^'-^^^'{Qfi2)iO,T,k)dT, 
Jo Jo 

(2.8) 

fis{x,t,k)=I- re-^'=(^-^)^^(g/i3)(y,t,A;)rfy + e-^^(^-^)^^ f e-^'''^'-^'^^'{Qfi3){L,T,k)dT, 

Jx Jo 

^(2.9) 

fii and /i4 satisfy equations similar to those of fi2 and /is where Jg is replaced by — . 
Note that all the fij are entire functions of k. 

2.1 Eigenfunctions and Their Relations 

The definitions of fij, j = 1, ...,4, and the notations (1.19) imply 

fii = ,/i2 = (^fJ'2\ ,^^3 = ./^4 = • (2.1.1) 

The functions /ii(0, t, k), /i2(0, t.k), /i3(x, 0, k), fi^^L, t.k), fi4,{L, t, k) are bounded in larger 
domains: 



/ii(0,t,A;) = [iif'\Q,t,k),iif\Q,t,k)) , /i2(0,t,fc) = (/if )(0,t,A;),/if )(0,t,A;)j , 

/i3(x,0,fc) = {yi'^\x,Q,k),H^^'^\x,Q,k)^ , fi3{L,t,k) = (^fi'^^\L,t,k),fif'^\L,t,k)^ , 

fi4{L,t,k) = (/if ^(L,t,fc),/if )(L,t,A;)) . (2.1.2) 
The matrices Q and Q are traceless, thus 

det/ij(x, t. A;) = 1, j = 1, 4. (2.1.3) 
The definitions of fi) imply that in the domains where these functions are bounded. 



they satisfy 



/ij*)(x,t,fc)=/f +0(^), fc-^oo, (2.1.4) 



where vector /j*^ is either (0, 1)^ or (1, 0)''^, depending on what column of //j is made by iJj^*\ 
The functions are related by the equations 

^3(2;, t, k) = /i2(x, t, A;)e-^('=^+''='*)'^3s(A;), (2.1.5) 

mix, t, k) = ^l2{x, t, k)e-'^^''+^^'''^^^S{k), (2.1.6) 
/.4(x, t, k) = //3(x, A;)e-^['=(^-^)+^^^'*]*3^i(^). (2.1.7) 

Evaluating equation (2.1.5) at a; = t = we find s{k) — ^3(0, 0, A;). Evaluating equation 
(2.1.6) at ,T = t = wc find S{k) = /ii(0,0, A;); evaluating equation (2.1.6) ai x = 0, t = T 
we find S{k) = (e^^^'^'^^/i2(0, T, A;))-^ Evaluating equation (2.1.7) at x = L, t = we 
find Siik) = /i4(L,0, /c); evaluating equation (2.1.6) at a; = L, t = T we find Siik) — 
{e^'''^^^^H3{L,T,k))-\ Equations (2.1.5) and (2.1.7) imply 

H^(x, t, k) = ^Ji2{x, t, A;)e-^(*^^+2'='*)*3 (^s{k)e'''^^'SL{k)^ ■ (2.1.8) 
The symmetry properties of Q and Q imply 



{li{x,t,k))ii^ {li{x,t,k))^2, {ii{x,t,k))2i^ X{i^{x,t,k))^2. (2.1.9) 
The definitions of 1^.3(0, 0, k), /i2(0, T, k), H3{L, 0, k) imply 

sik)^I- [\"^y''{Qfis)iy,0,k)dy, (2.1.10) 
Jo 

rT 

S-\k) = I+ e^"''^^'{Q^i2)iO,r,k)dT, (2.1.11) 
^0 

Sz\k)=I+ f e^'^"^^'{Qii3)mT,k)dT. (2.1.12) 
Jo 

The symmetry conditions (2.19) justify the notations (1.7). 

Equations (2.1.2), the determinant condition (2.1.3), and the large k behaviour of Hj 
imply the following properties: 

a{k),h{k) 

• a{k), b{k) are entire functions. 



a{k)a{k) - \b{k)b{k) = l,keC. 



1 I 2ikL \ / 1 + p2ifeL ^ 

a(A;) = l + 0(^^ j, b{k)^0i—^ ), k ^ 00; 



in particular. 



a{k), b{k), a{k)e^^^, b{k)e^^^ are bounded for arg A; e [0, tt] . (2.1.13) 

A{k),B{k) 
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A{k), B{k) are entire functions. 



A{k)A{k) - XB{k)B{k) = l,keC. 



A{k) = 1 + 
in particular, 



k 



1 + e^''^^ V 

, B{k)^0{^ I, A;^oo; (2.1.14) 



A{k), B{k) are bounded for arg/c e 



TT 



Same as 

2.2 The Global Relation 

Proposition 2.1. Lei i/ie spectral functions a{k) , b{k), A{k), B{k), A{k), B{k), he defined in 
equations (1.7), where s{k) , S{k), Siik) are defined by equations (1.6), and fi2, fis are defined 
by equations (2.8), (2.9) in terms of the smooth function q{x,t). These spectral functions 
are not independent but they satisfy the global relation (1.4) where c'^{k) denotes the (12) 
element of — J^[exp(ikya3)](Qiji4){y,T,k)dy, and ji^ is defined by an equation similar to ji^ 
with Jq* replaced by — . 

Proof. 

Evaluating equation (2.1.8) at x = 0, t = T, and writing ii2{0,T,k) in terms of S{k) we 
find 

//4(0,T,A;) = e-'^'^'^^^ (^S-\k)s{k)e"'''^'SL{k)) . 
Multiplying this equation by exppi/c^Tas] and using the definition of fi4{x,T, k) we find 

-I + S-^s {(^^^^^Sl) + e'^'^^^^^ I e'''y^' {Q/i^) (y, T, k)dy = 0. 

Jq 

The (12) element of this equation is equation (1.4). 

2.3 The Jump Conditions 

Let M{x, t, k) be defined by 



(1) 

(1) I , 

^,/.4 l,argfcG 



0, 



TT 



(2) 

|^,/^rM>arg^e 



TT 



,7r 



M+= |/if,^l,argA;e 



37r' 



;M_= |/if,^l,argA;e 

a[k)^ 



,27r 



(2.3.1) 



where the scalars d{k) and a{k) are defined below, see (2.3.7), (2.3.8). 
These definition imply 

det M{x,t, k) = 1, 

and 



M{x,t,k) ^ I + [-] , k^oo. 



(2.3.2) 
(2.3.3) 



Proposition 2.2. Let M{x, t, k) be defined by equations (2.3.1), where fj.2{x, t, k), f^3{x, t, k) 
are defined by equation (2.8), (2.9), iii{x,t,k), ii4{x,t,k) are defined by similar equations 
with replaced by — and q(x,t) is a smooth function. Then M satisfies the "jump" 
condition 

M_{x,t,k) = M+{x,t,k)J{x,t,k), keRUiR, (2.3.4) 
where the 2x2 matrix J is defined by 



J2, 


arg/c = 





Jl, 


argk — 


TT 

2 


Ja = J3J2 ^<^i) 


arg k = 


71 


J3 


axgk — 


Stt 
2 



(2.3.5) 



and 



/ m. 

I dik) 



XB{k) 2ie 
\ d{k)a{ky 



( 



Jl 



a{k) 
a{k) 



J, 



I 



( 
\ 



d{k) 



d{k)a(k) 



XB{k)e-^'^^e'^'^ 



a(fc) 
a(k) 



§(k)_ -2ie \ 
a{kf ^ 



I 



9{x,t,k) = kx + 2kH. 



\a{k)\ 



a{k) = a{k)A{k) + \b{k)e^'^^B{k), p{k) = b{k)A{k) + a{k)e'"'''B{k), 



2ikLj 



d{k) = a{k)A{k) - Xb{k)B{k), 5{k) = a{k)A{k) - XP{k)B{k). 



(2.3.6) 

(2.3.7) 
(2.3.8) 



Proof. 

Writing equations (2.1.8), (2.1.5), (2.1.6) in vector form we find 



(4) 

























(2.3.9) 

(2.3.10) 
(2.3.11) 
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where e = exp(2i^). Recall that a and /3 are the (22) and (12) elements of se^^^'^^Si (see 

(1.18)), thus 

a{k)a{^ - X(3{k)p{^ = 1. (2.3.12) 

Rearranging equations (2.3.9) and using equation (2.3.12) we find the jump condition 

across arg k = 0. 

In order to derive the jump condition across arg/c = |, we first eliminate jj,'^^ from 
equations (2.3.9b) and (2.3.11a): 

^(.)^^^A5e^j)_ (2.3.13a) 
a a 

We then ehminate /j,^^ from equations (2.3.9b) and (2.3.10b): 

- (1) (1) 

/xf = (ba -a(3)^ + (2.3.136) 
a a 

Using the identity 

ap-ba = e^'^^B, (2.3.14) 

and dividing equation (2.3.13a) by rf, equations (2.3.13) define the jump across argA; = ^. 

The jump across arg A; = ^ follows from symmetry considerations and the jump across 
arg k ~ TT follows from the fact that the product of the jump matrices must equal the identity. 

We note that the jump matrices have unit determinant; in particular regarding Ji we 
note that 

da - XBBe^'^^ = a5] (2.3.15) 
indeed, the Ihs of this equation equals 

a{aA - XhB) - XBBe^^^ = aaA - XB{Be^^^ + ah) = 

= aaA — XBa(3 — aS, 
where we have used the identity (2.3.14). 

2.4 The Residue Relations 

Proposition 2.3 Let a{k) and d{k) be defined by equations (2.3.7) and (2.3.8) in terms of 
the spectral functions considered in proposition 2.1. Assume that: 

• a{k) has simple zeros, {I'j}, axgUj G (0, |), and has no zeros for argA; = and 
argA; = |. 

• d{k) has simple zeros, {Xj}, axgXj e (f '^^'^ has no zeros for argA; — | and 
arg k = n. 

• None of the zeros of d{k) for axgk e (f,7r); coincides with any of the zeros ofa{k). 

• None of the zeros of a{k) for axgk e (0, |); coincides with any of the zeros of a{k). 
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Let [M]i and [M]2 denote the first and the second column of the matrix M. Then 

Resk=.^[M{x,t,k)], = cf^e^''"'-'^'''^^[M{x,t,i^j)]2, (2.4.1) 

Resk=u,[M{x,t,k)]2 = A4^e-^^^'*-2*^^"[M(x,t,z7,)i, (2.4.2) 

ReSk=x,[M{x,t,k)l = cf e^^^'™^-[M(x,^, A,)]2, (2.4.3) 

Res,^-^m{x,t,k)]2 = A4^e-^^^'*-^^^^-^[M(x,i, A,)]i, (2.4.4) 



where 



(1) ^ ajuj) (2) ^ A^(A,) 

e2-.^B(^,)d(^,)' a(A,)d(A,)- ^ ' ' ^ 



Proof. 

Let us first notice that the assumptions of the proposition, the definitions of the quantities 
a{k) and d{k) (see (2.3.7) and (2.3.8)) and the identities, 



A{k)A{k) - XB{k)B{k) = 1, A{k)A{k) - XB{k)B{k) = 1, 

imply that 

B{\j) ^ and B{vj) ^ 0, 

so that the rhs of equations (2.4.5) are well defined. We proceed now with the proof of the 
proposition. 

The matrix Ji{x,t,k) defined in equations (2.3.6) can be factorized as follows: 

\ " a{k) / \ aik)d{k) ^ / 

Indeed, the entries (12), (21), (22) are equal identically. The entries (11) are equal iff 



2ikL 



6a = ad — XBB{k)e 

Replacing in this equation 5 and d by their definitions (see equations (2.3.8)) we find the 
identity (2.3.14). 

Using the factorization (2.4.6), the jump condition M_ = M^Ji becomes 

(2) \ / 1 \ /„(1) \ / ^ _gg2ifeL„-2i0 

^1 ,,(2) \ I 1 _ ( , (1) 



d ' 



.... \ = \^^^\"\\ ■ (2.4.7) 



ad / ^ ' ^ a 



Evaluating the second column of this equation at k — Vj (we remind that all the functions 
involved are entire) we find 

= --B(z/,)e2-^^e-2^^('^^V2'V.) + «(^.)/^i'V.), (2-4.8) 
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where for convenience of notation we have suppressed the x,t dependence of fi^^\ 9. 
Hence, 



ReSk=jMix,t,k)] 



which, using fi^l\x,t,Uj) = [M{x,t,Uj)]2, becomes equation (2.4.1). 

Similarly, evaluating the first column of equation (2.4.7) at k = Xj we find 



Hence 

d{Xj) a{Xj)d{Xj) 

which yields (2.4.3). 

Equations (2.4.2) and (2.4.4) follow from equations (2.4.1) and (2.4.3) using symmetry 
considerations. 



3 Existence Under the Assumption that the Global 
Relation is Valid 

3.1 The Spectral Functions 

The analysis of §2 motivates the following definitions and results for the spectral functions. 
The relevant rigorous analysis can be found in [0]. 

Definition 3.1 (The spectral functions a{k), b{k) ) Given the smooth function qo{x), define 
the vector (j){x, k) = (0i,02)^ the unique solution of 

01, + 2ik(Pi = qo{x)^2, 02. = Ago(a;)0i, < x < L, A; e C, 0(L, A;) = (0, 1)^ (3.1) 

Given 0(x, A;) define the functions a{k) and b{k) by 

a{k) = ^2(0, k), 6(A;) = 0i(O,A;), k e C. (3.2) 

Properties of a{k), b{k) 

• a{k), b{k) are entire functions. 

• a{k)'^ - Xb{k)b{k) = l,keC. 
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1 I 2ikL\ /I I 2ikL^ 

a{k)^l + 0[—^ j, h{k)^0{—^ ), A;^oo; 



in particular, 



a{k), b{k), a{k)e^^^, h{k)e^^^ are bounded for arg A; e [0, tt] . (2.1.13) 

We shall also assume that a{k) has at most simple zeros, {kj}, for Im kj > and has no 

zeros for Im /c = 0. 

Remark 3.1 The definition 3.1 gives rise to the map, 

^■.{q^{x)}^{a{k)Mk)}- (3.4a) 

The inverse of this map, 

Q:{a(^),6(^)}^{go(x)}, (3.46) 

can be defined as follows: 

qoix) = 2i lim {kM^''\x, k))i2, (3.5) 

fc^oo 

where M^^'^ (x, k) is the unique solution of the following RH problem: 

' M^^\x,k), lmk<0 

M^''\x,k) = 

_M^^\x,k), ImA;>0, 
is a sectionally meromorphic function with unit determinant. 



mI"^^ {x, k) - M'f^ (x, k) J(^) (x, k), A; e M, 



where 



j(^-)(a;,A;) 



fe(fc) „-2ikx 



Ab(fc)e^''°^ 1 
a{k) |a|2 



M(^)(a;,A;) = / + , k 



oo. 



The first column of Afl^'' can have simple poles at A; = fc^, and the second column of 
mI^'* can have simple poles at A; = kj, where {A;^} are the simple zeros of a{k), Im 
kj > 0. The associated residues are given by 
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Res,.[M^^\x,k)l 



Xe 
d{kj)b{kj 



:[M(-)(x,fc,)]l- 



(3.6) 



It can be shown (see for example [Hj) that 



3-1 



(3.4c) 



Definition 3.2 (The spectral functions A{k), B{k)). Let 



Q^°\t,k) = 2k 



|a3-a|(7o(t)|V3,A = ±l. (3.7) 

A^o(t) / V A^i(t) 



Given the smooth functions go{t), gi(t), define the vector ^{t,k) = ($i,$2)^ the unique 
solution of 

$i^+42A;2$i = gS°)$i + gS°^$2, 

$2, = Q2?$i + Q22 $2, < t < T, keC, 
$(o,fc) = (o,i)t. 

Given $(t, /c) define the functions A{k) and B{k) by 



A{k) = $2(T, k), B{k) = -$i(T, k)e 



(3.8) 



(3.9) 



Properties of A{k), B{k) 

• A{k), B{k) are entire functions. 



A{k)A{k) - \B{k)B{k) = 1, A; G C. 



A{k) = 1 + 
in particular, 



k 



, B{k) = O 



l + e^ 



A{k), B{k) are bounded for argfc G 



TT 



A; 00; 



(2.1.14) 



We shall also assume that A{k) has at most simple zeros, {Kj}, for arg Kj G (O, |) U (tt, ^) 



and has no zeros for arg = 0, |, vr, ^ . 
Remark 3.2 The definition 3.2 gives rise to the map 



The inverse of this map 



^^'^ : {g,{t),gm - {m,B{k)}. 



■.{A{k),B{k)}^{go{t),g,{t)}. 



(3.11a) 
(3.116) 
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can be defined as follows: 



9q 



it) =2i Urn {kM^°\t,k)) 12, 



fc— >oo 



g,{t)= lim {4{eM^'\t,k))^2 + 2zgo{t)k{M^'\t,k) - 1)22} 



where M^^\t, k) is the unique solution of the following RH problem: 



M^^\t,k) 



Mf\t,k), argfc e [0,f] U [tt, 



SttI 



M^^\t,k), aigke [|,7r]U[f ,27r] 



is a sectionally meromorphic function with unit determinant. 

m1°^ (t, k) = {t, k) J(°) {t,k), e M u 



where 



f'\t,k) 



A{k) 



\ Mk) A(k)A{k) / 



M(°)(t,A;) = / + 0(-), k^oo. 
k 

The first column of M'^\t, k) can have simple poles at fc = Kj, and the second column 
of M^^\t, fc) can have simple poles at fc = Kj, where Kj are the simple zeros of v4(fc), 
arg fc e (0, 1) U (tt, ■^). The associated residues are given by 



i?e..=^jM(°)(t,fc)]i = r!^^'51 [MW(t,i^,)]2, 



i?es,=;fjM(°)(t,fc)], 



A{K,)B{K, 
Xexp[-4iKH] 



A{K,)B{K,) 



[M(°)(t,ir,)]i- 



It can be shown, see again [HI, that 



(3.11c) 



Definition 3.3 (The spectral functions A{k),B{k)). Let Q^^\t,k) he defined by an equa- 
tion similar to (3.7) with go(t), gi(t) replaced by fo(t), fi(t). Given the smooth functions 
foit), flit) define the vector Lp(t, k) by equations similar to (3.8) with Q^^\t,k) replaced by 
Q^^\t,k). Given ^p{t,k) define A{k) and B{k) by 



A{k) = (^2(T, fc), B{k) = -(^i(T, fc)e 



Aik^T 



(3.14) 
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Properties of A{k), B{k) 

Identical to those of A{k), B{k). We will denote the zeros of A{k) by ICj. 

Remark 3.3 The maps 

S^^^: {fo{t)Ji{t)} ^ {A{k),B{k)}, (3.15a) 

and 

Q(^): {A{k),B{k)} ^ {/oW,/iW}, (3.15b) 
are defined exactly as in Remark 3.2, where we use the notations 

M^^\t,k),J^^\t,k),}Cj,msteaid of M^^\t,k), J^'^\t,k), Kj. (3.16) 

In analogy with equation (3.11c) we find 

(S(^))"' = Q(-^). (3.15c) 

Definition 3.4 (An admissible set). Given the smooth function qo{x) define a{k), h{k) 
according to definition 3.1. Suppose that there exist smooth functions go{t), gi{t), fo{t), 
fi{t), such that: 

• The associated A{k), B{k), A{k), B{k), defined according to definitions 3.2 and 3.3, 
satisfy the relation 

{aA + \he''^^B)B - {hA + ae^'^^B)A = e^'^"'c+{k), k e C, (3.16) 

where c'^{k) is an entire function, which is bounded for Im k > and c'^{k) — 
o[^),k^oc. 

^o(O) = ?o(0),^i(0) = 9^(0), /o(0) = qo{L),fi{0) = q',{L). (3.17) 

Then we call the functions go{t) , gi{t) , fo{t) , fi{t) , an admissible set of functions with 
respect to qo{x). 

3.2 The Riemann-Hilbert Problem 

Theorem 3.1 Let qQ{x) be a smooth function. Suppose that the set of functions go{t), 
gi{t), foit), flit), ore admissible with respect to qo{x), see definition 3.4. Define the spectral 
functions a{k), h{k), A{k), B{k), A{k), B{k), in terms of qo{x), go{t), gi{t), fo{t), fi{t), 
according to definitions 3.1, 3.2, 3.3. Assume that: 

• a{k) has at most simple zeros, {kj}, for Im kj > and has no zeros for Im k — 0. 
A{k) has at most simple zeros, {Kj}, for arg Kj E (O, |) U (tt, ^) and has no 



for arg k^O, ^, n, ^ . 



zeros 

2^ ^ 



A{}i) has at most simple zeros, {A^j}, for arg Kj e (O, |) U (tt, ^) and has no zeros 



for arg A; = 0, f , tt, f . 
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• The function 

d{k) = a{k)A(kj - Xb{k)B{k), (3.18) 

has at most simple zeros, {Xj}, for arg Xj e (f , tt) and has no zeros for arg k — ^ and 
argk — TT. 

• The function 

a{k) = a{k)A{k) + Xb{^e'^'^^B{k), (3.19) 

has at most simple zeros, {I'j}, for exgi/j e (0, f ) and has no zeros for argk — 
arg/c = |. 

• A^one of the zeros of a{k) for aigk G (f ,7r), coincides with a zero of d{k). 



m 



None of the zeros of a{k) for arg/c e (0, |), coincides with a zero of a{k). 



None of the zeros of a{k) for arg A; e (0, |); coincides with a zero of A{k) or a zero of 
A{k). 



• None of the zeros of d{k) for argfc G (f ,7r), coincides with a zero of A{k) or a zero of 
Ai^. 

Define M{x, t, k) as the solution of the following 2x2 matrix RH problem: 

• M is sectionally meromorphic in C/{RUiM}; and has unit determinant. 

M^{x,t,k) = M+{x,t,k)J{x,t,k), keRUiR, (3.20) 

where M is M_ for aigk G [f , tt] U 2%], M is M+ for arg A; G [0, f] U [tt, |^], and 
J is defined in terms of a,b,A,B, A,B, by equations (2.3.5), (2.3.6). 

M{x,t,k) ^ I + (^^^ , k^oo. (3.21) 

• Residue conditions (2.4.1) - (2.4.5). 

Then M{x, t, k) exists and is unique. 
Define q{x,t) in terms of M{x,t,k) by 

q{x, t) = 2i lim k{M{x, t, k))i2- (3.22) 

fe— »oo 

Then q{x,t) solves the NLS equation (1.1) with 

q{x,0) = qo{x),q{0,t) = go{t),q,{0,t) = gi{t),q{L,t) = fo{t),q,{L,t) = f,{t). (3.23) 



Proof. 



18 



If a{k) and d{k) have no zeros for arg k G (O, |) and for arg A; G (f , tt) respectively, then 
the function M{x, t, k) satisfies a non-singular RH problem. Using the fact that the jump 
matrix J satisfies appropriate symmetry conditions it is possible to show that this problem 
has a unique global solution jTn|. The case that a{k) and d{k) have a finite number of zeros 
can be mapped to the case of no zeros supplemented by an algebraic system of equations 
which is always uniquely solvable |16j . 

Proof that g(a;, t) satisfies the NLS 

Using arguments of the dressing method 2\, it can be verified directly that if M{x,t, k) 
is defined as the unique solution of the above RH problem, and if q{x,t) is defined in terms 
of M by equation (3.22), then q and M satisfy both parts of the Lax pair, hence q solves the 
NLS equation. 

Proof that 0) = qo{x). 

Let the 2x2 matrices k), J3{x, k), j[°°\x, k), J^\x, k), J^°°\x, k), be defined by 



Ji 



«(fc) 

a{k) 



-B{k)e 



2ik(L-x) 



a(k) 
a(k) 



J, 



( 2ii 



\ 











B{k)e- 



(<X)) 



a(k)d(k) 
(~) 



J. 



(~) 



a(k)d{k) 
1 



J. 



\ ''cL{k) 



_b^^-2ikx \ 
a{k) 



^b(k)_^2ikx 



a(k)a{k) / 



It can be verified that 



Ji(x, 0, k) = JiJi^\ J2(x, 0, k) = JiJt^Js, Mx, 0, k) = /pJs, Mx, 0, k) = Jr'(4 



(3.24) 



(oo)^ j{co)-^-l j(oo) 



(3.25) 



Let M(i) (x, t,k), M(2) {x,t,k), M^^) (x, t,k), M^^^ {x,t,k), denote M(a;, t , A;) for arg G [0, f ] , . . . , arg A; G 



\3n 
2 ' 



27r]. Then the jump condition (2.3.4) becomes 



(3.26) 



Evaluating these equations at t = and using equations (3.25) we find 

M^^\x,0,k) = {M^'\x,0,k)J^)Ji'^\M^^\x,0,k) = M^^\x,0,k)JP{JtY'^Ji'"\ 
{M^^\x,0,k)Jp = {M^'\x,0,k)Ji)jt\{M^^\x,0,k)Jp = M^^\x,0,k)jt\ (3.27) 



Defining mJ°°^(x, A;), j = 1, 4, by 



^ioo) ^ ^(1) ^ ^(co) ^ ^(2) ^ 

Mt^ = M^^\x, 0, A;), Mi°°^ = M^'^\x, 0, k)J^\x, k), 



(3.28a) 
(3.286) 
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we find that the sectionally holomorphic function M^°°\x, k) satisfies the jump conditions 

^(oc) ^ j^^(°o)j(oo)^^(oo) ^ Mt^jt\jtY'j'r\Mt^ = M[°°^f^\M^^^ = Mt^jt\ 

These conditions are precisely the jump conditions satisfied by the unique solution of the 
RH problem associated with the NLS for < a; < oo, < t < T 6J. Also det M^°°^ = 1 and 
]\^{oo) _ J _^ Qi^i'^^ ^ _^ Moreover, by a straightforward calculation one can verify that 
the transformation (3.28) replaces poles at Uj by poles at kj, with the residue conditions 
(2.4.1), (2.4.2), replaced by the proper residue conditions at A; = kj (cf. 0). Therefore, 
M^°°\x,k) satisfies the same RH problem as the RH problem associated with the half-line 
evaluated at t = 0. Hence q{x, 0) = qo{x). 



Proof that q{0,t) = goit), q,{0,t) = gi{t) 
Let M(°)(t, k) be defined by 



M(°)(t, k) = M{0,t,k)Git,k), 



(3.29) 



where G is given by G'«,...,G'(^), forargfc e [0, f ],..., [f, 27r]. Suppose we can find matrices 
G^^^ which are holomorphic, tend to / as A; — > oo, and satisfy 

Ji(0,t,A;)G'(2) = G-WjW, J2(0,t,A;)G(^) = G^'^ J^'\ MO,t,k)G^'^ = G^''^J^'\ (3.30) 

where J^^\t,k) is defined in Remark 3.2. Then equations (3.30) yield Ji{{i,t,k)G^'^^ = 
G'(^) J(°\ and equations (3.26), (3.29) imply that M^^\t, k) satisfies the RH problem defined 
in Remark 3.2. Then Remark 3.2 implies the desired result. 
We will show that such G^^'^ matrices are: 



a(k) 




A{k) 
a{k) 







Ac+(fc)e-4^'='(^-*) M , 



d{k) 



-h{k) ^-Aik'^t 
A{k) 

1 

d{k) 



q{3) ^ I 



^ 



-Afe(fc) ^4ifc2f 
Aik) 



(3.31) 



We recall that in the half line problem the associated matrices J|°(0,t, A;), G°°^^\t,k), 
G'^^^\t,k) satisfy 

J^{0,t,k)G°^^^'^ = G^^^'^jW; (3.32) 



for the verification of this equation one uses 

aa - Xbb = 1,AA- XBB = l,aB- bA 



(3.33) 



The matrix J2(0, t, k) can be obtained from the matrix J|°(0, t, k) by replacing a and b with 
a and furthermore, a,P, A,B satisfy equations similar to equations (3.33) where a and b 
are replaced by a and /?. Hence, G^^^ and G^^^ follow from G°°^'^^ and G°°^^^ by replacing a 
and 6 by a and /?; this yields the first two equations of (3.31). 
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Having obtained G^^\ the first of equations (3.30) yields G*^^' (then G^^^ follows form 
symmetry considerations). Rather than deriving G^^^ we verify that it satisfies the equation 
Ji(0,t,A;)G'(2) - ^(1)7(0) = 0: The (21) and (22) elements are satisfied identically. The (11) 
element is satisfied iff 

S=^ + ^c^e''^'^- (3.34) 

but 

S=^-X(5B = ^{l + \BB)-\(5B = ^ + ^{aB-(5A), 
which equals the rhs of (3.34) in view of the global relation. The (12) element is satisfied iff 

5h Be^'^^ aB c+e'^'^"^ 



dA d AA AA ' 
which using the global relation to replace c"*" exp(4iA;^T), becomes 

Sb + ABe"^^ = 13d] (3.35) 

the rhs of this equation is 

h{aA - \(5B) + ABe^'^^ = -\(3hB + A{ah + Be^'^^), 

which equals the rhs of equation (3.35) using the identity (2.3.14). 

Similar to the proof of the equation q{x, 0) = qo^x), it can be verified that the transfor- 
mation (3.29) replaces the residue conditions (2.4.1) - (2.4.5) by the residue conditions of 
Remark 3.2. 

Proof that q{L,t) = hit), q,{L,t) = h{t) 

Following arguments similar to the proof above we seek matrices F^^\t, k) such that 

Ji(L,t,A;)F(2) = F^'^J^'^\j,{L,t,k)F^''^ - F^'^ J^'^\ Js{L,t, k)F^^^ = F(3)jW. (3.36) 

(it is more convenient to use the second of these equations instead of J2{L,t,k)F^^^ — 
see below). We will show that such F^") matrices are 

-1 \ / _^ -^k)e-*^kh-2ikL 

^ I 1 _p(4) = I a{k)A{k) 

a{k)Aik) / \ U 



1 c+(fc)e4'fe^(^-*)-^'''^ 



_p(3) ^ ( A{k) di'k) I ^ _p(2) 

-Aik) 



Ac+(fc)e-4'fe (^-*)+^'''^ 1_ 



(3.37) 



The matrix J4^{L,t,k) can be written in the form 



J4(L, t, k) = A{k)J4{t, k)A{k), (3.38) 
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where 



2ikL 

A{k) = diag ( — — , e~^'^^d{k) ) , (3.39) 



h{t, k) 



d{k) 

I 1 ^(fc) ^-4ifc^f 

\ (-d{I)e2ifei) d(k)d{k) 



(3.40) 



;5(A;) = A(A;)6(A;) - B{k)a{k). (3.41) 
Thus the second of equations (3.36) becomes 



h{t, k)Aik)F^^^ = (A(^))-iF(^) J(^). (3.42) 
The functions /3{k), a{k) — —e^^^^d{k), A{k), B{k) satisfy the following equations 

adi - \ff3 = l,AA- XBB ^l,aB-^A^ e^''''^c+{k); (3.43) 

indeed the first of these equations is det J4 = 1 and the third of these equations is the global 
relation. Thus, comparing equation (3.42) with (3.32) it follows that {A{k))~^ F^^^ can be 
obtained from 0^^°°^^^^ with a, 6, A, B replaced by a, A, B; this yields the second two of 
equations (3.37). 

Having determined F^'^\ the first of equation (3.36) yields F^^\ Rather than deriving 
F(^) we show that the equation F^^^J^^) - Ji{L,t,k)F^^^ = is valid: The (12) and (22) 
elements are satisfied identically. The (21) element is satisfied iff 

^Be^ikL ^^+^-Aik^T+2ikL l^2ikL g 

da da aA A 

Using the global relation to replace exp[— 4i/c^T'], and then using l — ad — —Xbb, the above 
equation becomes 

A{aB + lAe^'^^) = he^'''^ + Ba- 

using the definition of a, as well as AA — XBB = 1, the above equation becomes an identity. 
The direct verification of the (11) element can be avoided by appealing to the equality of 
the determinants. 

Similar to the previous case, the transformation 

M{L, t, k) ^ M(^) (t, A;) = M{L, t, k)F{t, k) 

maps the Riemann-Hilbert problem of Theorem 3.1 to the Riemann-Hilbert problem of 
Remark 3.3. QED 



4 The Analysis of the Global Relation 

Evaluating equation (2.1.8) at x — 0, instead of x = 0, t = T, we find instead of equation 
(1.4) the following equation: 

{a{k)A{t, k) + Xh{k)e^'^^B{t, k))B{t, k) - {b{k)A{t, k) + Xa{k)e^'''^B{t, k))A{t, k) (4.1) 
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where c^{k,t) has the form 



-{k,t) = [ e^^''c{k,x,t)dx, 
Jo 



(4.2) 



and c{k, x, t) is entire function in k which, together with its x and t derivatives, is of 0(1) as 
k ^ oo and k is in the first quadrant. This in turn imphes that c"'"(A;, t) is an entire function 
in k which is of 0{l/k) as /c — > cxd, ImA; > 0; in fact. 



c+(fc) = O 



1 + e 



2ikL 



k 



k — > oo. 



For the analysis of equation (4.1) we will use the following two identities: 



dk^-K{t',t), 



JdDi Uo 

Jo 



(4.3) 



dD° ^{k) 



dk 

K{t',t) 
Aik^ 



dk, 



(4.4) 



where 



t>0, t' >0, t' < t, 



dDi denotes the union of the contour {ioo, 0] and of the contour [0, oo) (i.e. the oriented 
boundary of the first quadrant), dD^ denotes the contour obtained by deforming dDi to 
the contour passing above the points k — n & Z"*", K(r,t) is a smooth function of the 
arguments indicated, and 

A{k) = e^""^ - e-'''^^. (4.5) 



Indeed, in order to derive equation (4.4) we rewrite the Ihs of this equation as the rhs plus 
the term ^ 

k If Ail.2l^_-i-l\ ^ ^ , ,^ , K(t',t) 



Aik"^ 



dk. 



The integrand of the above integral is analytic and bounded in the domain of the complex- 
k plane enclosed by ^D^^^. Also its zero order term (with respect to (/c^)~^) contains the 
oscillatory factor e"^**^ thus Jordan's lemma imphes that this term vanishes. Similarly, 

in order to derive equation (4.3) we rewrite the Ihs of this equation in the form 



/ k f e^"'''^-'-''^K{T,t)dT dk+ [ k\ f e^'''"^-'-''^K{T,t)dT 

JdDi Jo JdDi Ut' 



dk. 



(4.6) 



The contour dDi involves the contour [0, oo), which can be mapped to the contour [0, — oo) 
by replacing k with —k, thus dDi can be replaced by dD2 which denotes the union of 
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the contours {ioo,0] and [0, — oo). Hence replacing dDi by dD2 in the first integral of the 
expression (4.6) we have 



dD2 







JdDi Ut' 



Aik 

K{t',t) 
Aik 



dk + 



dk- 



K{t',t) r dk 
4i JdD^ k 



K{t',t) 
Ai 



dD2 

dk 

dDi k 



where D indicates that we have indented the contour D to avoid k = 0. The first and the 
third integral vanish, since the first and the third integrands are analytic and decaying in D2 
and Di respectively, and their first order terms (with respect to k~^) contain the oscillatory 
factors e"^**^ *' and e^''^ respectively. The remaining two integrals equal 



Kit',t) 
Ai 



[ ide^^K{t\t). 

Jo 4 



We will now show that the global relation (4.1) can be explicitely solved for /i(t) and 
gi (t) . To avoid routine technical complications we shall consider here the case of zero initial 
conditions, which yields a{k) = 1 and b{k) = 0. We will show that in this case the expressions 
for fi{t) and gi{t) are: 



ITT 



it)= [ 
Jd 



snoA(k) n^^'^^ 2ik\ 



dk 



dDO 



2 ^) 



Mi{t,k) 



m 

2ik^ 



dk 



+ 



I 

JdDl 



[F{t,k) - F{t,-k)]dk, 



(4.7) 



ITT , , 



dDO A{k) 



dk — 



9o{t) 
2ik^ 



dk 



- / A7n [^''''"^Fit, k) - e'^'^^Fit, -k)] dk, 



where 



and 



F{t,k) 



2ikL I -2ikL 



E(A;) = e''"'' + e 



(4.8) 
(4.9) 



^fo{t)^2i 



2ikL 



M2- 



M2 + 



£2 - iX^Mi + kM2 



L,-i^M2 + kMi 



—e 



2ikL 



L2 - iX^^Mi + kM2 



C,-t^M2 + kM, 



(4.10) 



Indeed, substituting in equation (4.1) (with a = 1 and 6 = 0) the expressions for A, B from 
equations (1-12) as well as the analogous expressions for A, B we find 



2 f e^'''^^Li(t,2T-t)dT + 2e'^ 
Jo 



f 

Jo 



e^'^^Ci{t,2T-t)dT 
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^2k [ e^^^^M^{t,2T -t)dT -2ke'^'^^ I e^'''^^Mi{t,2r - t)dT 
Jo Jo 

+e^"'''F{t, k) + e^^'^'c+it, k). (4.11) 

Regarding F{t, k) wc note that wc first write F{t, k) in terms of {Lj{t, k), Mj{t, k), Cj{t, k), Mj{t, k)}1 
and then use equations (1.15) to rewrite F{t,k) in the form (4.10). Using integration by 
parts it follows that e^'^''^F{t, k) = 0{l/k'^) as k ^ oo. 

Replacing k by —k in equation (4.11) and solving the resulting equation as well as equa- 
tion (4.11) for the two integrals appearing in the l.h.s. of equation (4.11), we find the 
following: 



2 / e^^^'^Ciit, 2t - t)dT = f e^^^'^Miit, 2t - t)di 

Jo ^(^) Jo 



-2k 



m 

A(fc) Jo 



e^''' ^Mi{t,2T-t)dT + 



G{t,k)-G{t, -k) 
W) ^ 



(4.12) 



and 



2 / e"'" ^Li{t,2T -t)dT 



4k 



-2k 



m 
m Jo 



e^'^^^Mr{t,2T-t)dT- 



e''''^Mi{t,2T-t)dT 
e-'^^^G{t, k) - e'^^^G{t, -k) 



(4.13) 



where 



G{t, k) = e^'''''F{t, k) + e^''='*c+(t, k). 

We multiply equation (4.12) by /c exp(— 4iA;^i'), t' > 0, t' < t, and integrate over dD^. In 
this respect we note that the function 

'c+{t,k) - c+{t,-ky 



k 



is analytic and bounded in the interior of dD^, thus the integral of the term, 

'c+{t,k) - c+{t,-ky 



^g4ifc^(t-t') 



vanishes. The integrals involving £i and Mi can be computed using equations (4.3) and 
(4.4), respectively. Also, the term involving Aii can be computed using equation (4.4) with 
1/A replaced by E/A. In this way we find that 



n 
2' 



C,{t,2t'-t)= f f e''''^^-''^M,{t,2T-t)dT- 

J^D° ^[f^) Jo 



Mi{t,2t' -t) 



+ 



4iA;2 
Mi{t,2t' -t) 



dk 



dk 



k 



-e^"''^'-''\F{t,k) - F{t,-k))dk. 



Evaluating this equation ai t = t' and using the first and third equations of equations (1-10) 
and (1.11) respectively we find equation (4.7). The derivation of equation (4.8) is similar. 
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5 Conclusions 



We have analysed the Dirichlet problem for the nonlinear Schrodinger equation on the finite 
interval, see equations (1.1). In particular: 

(i) Given the Dirichlet data q{0,t) = go{t) and q{L,t) = fo(t), we have characterised 
the Neumann boundary values qx{0,t) = gi{t) and qx{L,t) = fi(t) through a system of 
nonlinear ODEs for the functions (1.14). The functions {Lj, Mj}'j^i satisfy equations (1.16), 
the functions {Cj, satisfy similar equations, and the Neumann boundary values are 
given by equations (4.7) and (4.8). 

(ii) Given the initial condition q{x, 0) = qo{x) we have defined {a{k), b{k)}, see definition 
3.1. Given gQ{t) and gi(t) we have defined {A{k),B{k)}, and given /o(t) and fi(t) we have 
defined {A{k),B{k)}, see definitions 3.2 and 3.3. 

(iii) Given {a{k),b{k),A{k),B{k),A{k),B{k)} we have defined a Riemann-Hilbert prob- 
lem for M{x,t,k) and then we have defined q{x,t) in terms of M. We have shown that 
q{x, t) solves the nonlinear Schrodinger, and that 

g(x, 0) = go(x),g(0,t) = (?o(t),gx(0,t) = (7i(t),g(L,t) = /o(t),g.(L,t) = /i(t), 

see theorem 3.1. 

A general method for analyzing initial-boundary value problems for integrable PDEs was 
introduced in [5]. This method is based on the simultaneous spectral analysis of the two 
eigenvalue equations forming the associated Lax pair, and on the investigation of the global 
relation satisfied by the relevant spectral functions. The rigorous implementation of this 
method to the NLS on the half line was presented in 0. Analogous results for the sine 
Gordon, KdV (with dominant surface tension) and modified KdV equation, were presented 
in [2| and 0. The most difficult step of this method is the analysis of the global relation. 
Rigorous results for this problem were obtained in 6j by analyzing the global relation, which 
is a scalar equation relating g^, gi, $, together with the equation satisfied by $, which is a 
vector equation relating gQ, gi, $. This analysis is quite complicated and this is partly due 
to the fact that these two equations are coupled. An important development in this direction 
was announced in j^, where it was shown that if one uses the Gelfand-Levitan-Marchenko 
representation for then the above two equations can be decoupled. Indeed, the global 
relation can be explicitly solved for gi in terms of go and $ (or more precisely in terms of 
Lj, Mj, j = 1,2). In this paper we have extended the results of |3j and to the case that 
the NLS is defined on a finite interval instead of the half-line. 

The analysis of the analogous problem for the modified KdV equation but without using 
the new results of |i) is presented in [H], [H]; see also [TP] . 

A different approach to this problem, which instead of the Riemann-Hilbert formalism 
uses the periodic extension to the whole line, is presented in [T^ . 

For integrable evolution PDEs on the half-line, there exist particular boundary condi- 
tions for which the nonlinear Volterra integral equations can be avoided. For these boundary 
conditions, which we call linearizable, the global relation yields directly S{k) in terms of s{k) 
and the prescribed boundary conditions , [11 . Different aspects of linearizable boundary 
conditions have been studied by a number of authors, see for example ^Oj-^ni. The anal- 
ysis of linearizable boundary conditions for the NLS on a finite domain will be presented 
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elsewhere. Here we only note that x-periodic boundary conditions belong to the lineariz- 
able class. In this case S{k) = Siik) and the global relation simplifies. The analysis of 
this simplified global relation, together with the results presented in this paper, yield a new 
formalism for the solution of this classical problem. 
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